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A Surface Flow Approach for Predicting Crosshatch Patterns
R. M. GRABOW* AND C. O. WHITE!

Aeronutronic Division of Philco-Ford Corporation, Newport Beach, Calif.

An analytical model based on liquid layer stability theory is used to predict the stability characteristics and
geometric features of crosshatched ablation patterns. This approach postulates the formation of a melt or viscoelastic
layer which interacts with the gas boundary layer. For supersonic flow, the dominant amplifying effect is found
to be the component of the gas pressure perturbation acting in the valleys of the surface waves, while the dominant
damping effect is the component of the gas shear perturbation acting on the wave slope. Solutions for the rate of
amplification yield parameters that characterize pattern onset, wave angle, wavelength, and depth. Correlations
with experimental data show reasonably good agreement.
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Nomenclature
complex wave velocity
pressure coefficient
body force normal to surface
pattern depth
material constant
Mach number
molecular weight
pressure
amplitude of pressure perturbation
Reynolds number of surface flow layer
time
temperature
velocity at edge of surface flow layer
Cartesian coordinates of surface (Fig. 2)
coordinate normal to wave crests
dimensionless wave number
Mach angle
ratio of specific heats
body force parameter
boundary layer thickness
viscous sublayer thickness
surface flow thickness
amplitude of surface wave
wavelengths in streamwise and lateral directions
wavelength normal to wave crests
viscosity of surface flow layer
complex pressure perturbation parameter
density of surface flow layer
surface tension
complex shear perturbation parameter
shear stress
surface tension parameter
pressure phase angle
wave angle
sublayer perturbation parameter

Subscripts
e = edge of boundary layer value
i = imaginary part of complex variable

= amplitude of perturbed quantity
= normal to waves
= neutral stability condition
= real part of complex variable
= wavy surface condition

mag
N
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Superscripts
( ) ' = perturbation value
(~) = dimensional quantity

I. Introduction

THE subject of crosshatched surface patterns has been
pursued both theoretically and experimentally by numerous

investigators. A comprehensive summary of the existing data and
theories has recently been reported.1'2 The theoretical work
included the mechanisms of: Differential Ablation,3"5 Inelastic
Deformation,6'7 and Liquid Layer Instability.8 An example of
experimental data that was used to evaluate the various theories
is shown in Fig. 1. This Teflon cone was exposed to a rocket
motor exhaust flow having a large favorable pressure gradient
in the axial direction. As a result, the afterbody remained
smooth, the midsection had orderly crosshatching, while the
forward section had severe scalloping. Given the distribution of
flowfield parameters along the body, each theory was examined
to determine if it could quantitatively or even qualitatively
predict the observed phenomena. The inelastic deformation and
liquid layer mechanisms appeared to explain the trends displayed
by Teflon as well as numerous other materials. However, none
of the theories was able to provide quantitative results that
were in agreement with the data. Subsequently, the present
authors developed a new approach which included both
mechanisms and was capable of correlating most of the experi-
mental data. This paper describes the approach, the data
correlations, and the resulting prediction technique.

II. Analytical Approach
General Description

The approach developed in this paper is based on a surface
flow mechanism which requires the existence of a melt layer

Fig. 1 Crosshatch patterns on teflon cone; rocket motor test condition.
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Fig. 2 Geometry of crosshatched surface.

or viscoelastic (inelastically deformable) layer. This layer becomes
dynamically disturbed upon interaction with the external
boundary-layer flow, and several competing factors tend to
amplify or dampen the disturbance motion. If the amplifying
factors are dominant, surface waves occur, which result in the
type of three-dimensional crosshatched geometry shown in Fig. 2.
A stability analysis is required to predict the conditions under
which these waves occur, and the resulting pattern characteristics
(wavelength AL, wave angle CD, and amplitude s).

The analysis employs a three-layer model to characterize the
interaction of the surface with the boundary-layer flow. As
depicted in Fig. 3, the surface flow (melt or viscoelastic) layer
has an unstable interface with the adjacent gas sublayer, and the
disturbance motion is propagated through the sublayer to the
external flow. The velocity profiles are assumed to be linear in the
surface and sublayer flows, while the external flow velocity profile
is characteristic of a fully turbulent flow. For simplicity, viscosity
is neglected in the treatment of the external flow, but is included
in the sublayer flow analysis. It is interesting to note that this
three-layer model was independently proposed by Hains,9 as
being necessary to prove the similarity between supersonic
ablation patterns and beach erosion patterns. The concept of a
viscous sublayer between a responsive surface and a supersonic
external flow is analogous to a thin liquid layer between an
eroding beach and a hydrodynamically supercritical external
flow. The following paragraphs describe the methods used to
analyze each component of the three-layer model.

Surface Flow Analysis

The first application of a surface flow mechanism to the cross-
hatching problem is credited to Nachtsheim.8 His analysis con-
sidered the interaction of a liquid layer with a uniform supersonic
gas flow. The present approach differs from Nachtsheim's work
by permitting a surface flow layer to interact with a nonuniform
viscous sublayer contained within a nonuniform in viscid flow.

The present treatment of the surface flow layer is based on the
liquid layer stability analysis of Craik.10 As demonstrated by
Lane,7 liquid layer methodology is applicable to viscoelastic
layers when the liquid viscosity is replaced by an effective
viscosity that is frequency dependent in accordance with the
inelastic deformation model. For this investigation, it is assumed
that such a viscosity is available from experimental data and
can be used directly in the liquid layer analysis. Since Craik's
analysis is two-dimensional, it must be applied normal to the
oblique waves. The disturbed surface in the normal direction
XN is represented by a sinusoidal waviness of amplitude

e = £0 exp {ia(xN — ci)} where a = 2n/lN (1)
The stability analysis of the surface flow layer involves solutions
to the Orr-Sommerfeld equation by small perturbation tech-
niques. For the case of long wavelengths and small surface
flow Reynolds numbers (which is appropriate for supersonic
cross-hatching problems), Craik's closed-form amplification rate
solution is

ac- - &2Re\Ur + (3LJ2vL)- 7a2-F] (2)
where

a = a<5L = 2ndL/kN wave number normal to waves
c = C/UL complex wave velocity

Re = pL UL dL/fiL Reynolds number of surface flow
T = a/(pL uL

2dj) surface tension parameter
F = gSL/uL

2 body force parameter
n = PW'^L/(PL UL2£) complex pressure perturbation para-

meter
£ = iw'SL/(pL uL

2s) complex shear perturbation parameter
This solution has also been derived by Nayfeh and Saric,11

who generalized the body force effect to include arbitrary
direction. It is noted that the real parts of complex variables
are in phase with the wave displacement, while the imaginary
parts are in phase with the wave slope.

Viscous Sublayer Flow Analysis

The treatment of the two-dimensional viscous sublayer flow
in a direction normal to the waves is based on the work of
Inger,4 who defined this region as one which contains all the
viscosity and heat conduction effects on the disturbed flowfield.
In the case of a turbulent boundary layer, this viscous disturbance
sublayer lies within the conventional "laminar sublayer," and has
a thickness

^=K2/(PwtWNa)]"3 (3)
In terms of the present complex variable notation,^ Inger's
closed-form solution for the sublayer shear-stress perturbation
in the low heat transfer case is

' = 1.37r 0(27i/3)i (4)

which reveals a phase degree of 120° relative to the pressure
perturbation. The quantity

BOUNDARY LAYER EDGE

SUBLAYER EDGE

MEAN SURFACE
DISTURBED SURFACE-

VISCOUS SUBLAYER FLOW

___^^

SURFACE FLOW

Fig. 3 Schematic of surface flow model.

LINE OF ZERO DEFORMATION OR MELT FLOW
MEAN VELOCITY, u

:;: The complex variable notation of Craik is used rather than the notation previously employed by the authors in Refs. 2 and 13, which
resulted in phasing errors.
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Fig. 4 Wavy surface shear and pressure phasing. Fig. 5 Pressure perturbation in surface valley; Donaldson-Conrad
theory.

is the ratio of pressure to viscous forces in the sublayer
perturbation field. We now represent the pressure perturbation
by an amplitude (pw')mag

 and a phase angle ((/>p) measured from
the valley of the wavy surface (Fig. 2). The shear perturbation
can then be written in the form

2 N l / 3

=-) P,magc 2*/3)i

where

"mag =
;/mag

(5)

(6)

is the dimensionless pressure perturbation amplitude in the
notation used by Kubota.5 For use in the surface flow
amplification rate solution [Eq. (2)], the imaginary part of the
complex shear perturbation parameter is

. = 1.37ya2/3
1/3

Pmag sin (0+120) (7)

The phase lag of 120° between the pressure and shear perturba-
tions agrees with Craik's incompressible flow solution.10 At
low speeds, the wavy wall skin friction and pressure data of
Segal12 shown in Fig. 4 reveals that the maximum shear occurs
at a phase angle of 140°, while the maximum pressure occurs
in the valleys (0p = 0). For the same value of d/AN at supersonic
speeds, the maximum pressure would theoretically occur at a
larger phase angle,3 ~ 5 and in this case, a 140° phase lag would
place the maximum shear closer to the crests of the waves.
This is an important result which needs to be confirmed by
experimental data.

are matched at the interfaces between adjacent strips. In the
present application of this method, it has been used for both
supersonic and hypersonic external flow layers, with the lower
boundary of the external flow defined by the viscous sublayer
thickness.

A key parameter to be derived from the external flowfield
analysis is the real part of the complex pressure perturbation
parameter

pLuL
2(s/dL)~ pLuL

2 \Sn = (9)

The quantity Pmagcos</>p represents the component of the
pressure perturbation in the valleys of the wavy surface.
Figure 5 presents typical variations of this quantity at Me = 5
where it is shown that a maximum value is attained as a
function of co and <5/AL. Similar results have been computed
for other Mach numbers, and a correlation of the maximum
pressure perturbations is shown in Fig. 6. The corresponding
wave angles for maximum pressure in the valleys are presented
in Fig. 7, where a comparison is made with the results of
Kubota5 at Me = 2.5. The agreement is quite good at this Mach
number, but not at hypersonic conditions where two-dimensional
similitude normal to the waves cannot be assumed.

Combined Solution

Substituting the complex shear and pressure perturbation

External Flow Analysis

The treatment of the external flow is based on inviscid solutions
for the nonuniform flow over a wavy surface. For the case of
two-dimensional flow over a surface described by £ =
e0e\p(2nxN/AN)i, the results of Kubota5 or Inger4 may be
employed. Both these investigators solved the inviscid Lighthill
equation for a continuous turbulent boundary-layer Mach
number profile.

For the case of a three-dimensional, crosshatched surface
waviness described by the general Fourier component

£ = e0 exp (2nx/hL + 2nz/Az)i (8)
the present analysis employs the results of Donaldson and
Conrad.3 Their method consists of segmenting the nonuniform
external flow into a large number of uniform flow strips. The
pressure perturbation in each strip is evaluated by linearized
inviscid theory and the perturbations and streamline directions

0.8 1.0 1.2
DIMENSIONLESS WAVELENGTH * 6/X,

Fig. 6 Correlation of maximum pressure perturbation in surface valley;
Donaldson-Conrad theory.
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Fig. 9 Wave angle correlation for various materials.

Fig. 7 Wave angles for maximum pressure perturbation in surface
valley.

parameters [Eqs. (7) and (9)] into the surface flow amplification
rate solution [Eq. (2)] yields

3pLwL
2

2.06y (6L_)Pmagcos0J,+ -I7rpe —

Pmag sin (</>,,+ 120)- -——,

1/2

(10)

For the low speed, low viscosity cases considered by Craik10

(e.g., subsonic water flow), the four terms in the bracket were
all significant, and could influence the amplification or damping
of disturbances. However, when the present authors2 applied
this equation to high-viscosity surface flows (e.g., teflon) under
supersonic conditions, it was determined that the surface tension
and body force terms were always negligible. The pressure and
shear perturbation terms were always found to be dominant
for these conditions. The pressure perturbation produces an
amplifying effect because it has a component acting in the valleys
of the disturbed surface. Physically the resulting downward
force on the valley and upward force on the crest tends to
increase the disturbance amplitude. The effect of the shear
perturbation can be amplifying or damping, depending on the
magnitude of the pressure phase angle, 0p. For Craik's subsonic
cases (4>p = 0), the shear perturbation is amplifying, since it tends
to pile up material on the crests of the waves. However, at
supersonic flow conditions, the pressure phase angle can become
quite large (4>p > 60°), which according to Eq. (10) causes the
shear perturbation term to be negative (a damping effect).
Therefore, when (j)p > 60°, the shear perturbation in supersonic
flow tends to remove material from the crests and deposit it in
the valleys of the disturbed surface flow. This is one of the
essential differences between subsonic and supersonic shear
perturbation behavior.

By neglecting the surface tension and body force terms in
Eq. (10), assuming y = 1.4, and introducing a dimensional
amplification rate, ac£ = ac£(wL/^L), one obtains

aaf = i8.4m ^Pe
——

g COS 0p

LlMw
2/3AL

1/3 sin((/>_+120)' '(sec'1) (11)

The following section considers the application of Eq. (11)
for evaluating crosshatch pattern characteristics in supersonic
flow. Experimental data is used to enhance the theoretical
techniques and to serve as an indicator of the accuracy of the
predictions.

III. Application of Theory
Wave Angle Prediction

A significant result of Eq. (11) is that the amplification rate is
directly proportional to the pressure perturbation component,
Pmag cos </>p. Therefore, the maximum values of this quantity
shown in Figs. 5 and 6 represent peak amplification conditions
for selecting a preferred pattern geometry. For a specified Mach
number (Me) and wavelength ratio (£/AL), the pattern wave angle
(&>) is determined from the external flow pressure perturbation
solutions as shown in Fig. 7. To partially eliminate the effects
of Mach number on pattern wave angle, it is expedient to
present these results as a difference between the wave angle and
Mach angle (co — /?). This format is used in Figs. 8 and 9 to present
a comparison between theory and experiment13 for the de-
pendence of pattern wave angle on the wavelength ratio. ITie
agreement is shown to be quite good over a large range of
Mach numbers and wavelength ratios. A simple correlation of
these results is

|29.9(^AL)0-8 for 5/AL < 0.6
°-19 for 5/AL^0.6

(12)

Neutral Stability Prediction

For application to supersonic flow conditions, it is assumed
that the pressure phase angle is approximately 75°, so that the

£7

SURFACE FLOW THEORY

___,_-<> o——-o——-o—-
MACH NO.

0.2 0.4 0.6 1.0 1.2 1.4 1.6

2.5
1.8 - 2.4
4- 9
3- 4
5- 7
7.3

I

:___.——-o
DATA SOURCE
WIND TUNNEL
ROCKET MOTOR
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FLIGHT

1.8

WAVELENGTH PARAMETER ~ 6/X.

Fig. 8 Wave angle correlation for
teflon.
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Fig. 10 Neutral stability correlation—High temperature materials.

quantity, sin($p+ 120)/cos c/)p equals -1.0. Therefore, at the
neutral stability condition (aq = 0) corresponding to the pre-
ferred wave angle, the bracketed part of Eq. (11) yields

By utilizing a perfect gas law and a viscosity law
Pw~PeMJTw and ^ ~ MW°-5TW°-6 (14)

the functional dependence of the wavelength for neutral stability
may be written

Attempts to correlate experimental data in terms of this
expression were of limited success, primarily due to difficulties
in evaluating the surface flow thickness, 6L. Even for a relatively
well-characterized material like teflon, the melt layer properties
at characteristic ablation temperatures are uncertain. In order to
circumvent this problem, an assumption is made that at the
neutral stability condition the wavelength normal to the wave
crests is proportional to the surface flow thickness (e.g.,
^N0 ~ &i)' This assumption is based on Nachtscheim's numerical
results8 and the present author's data correlations.13 Substituting
for 3L in Eq. (15), the normal wavelength for neutral stability is

^o = 2.35(Tw/1800.)1-1/(peTWN)1/2 ~ Ft (16)

for units of Tw in °R and pe and IWN in lb/ft2. The pro-
portionality constant for this relation was obtained from the
correlation of experimental data presented in Fig. 10. This
correlation is applicable to high-temperature materials (e.g.,
teflon and phenolic silica) under steady-state ablation conditions.
It has been shown by the present authors2 that it is invalid
for transient ablation conditions where the surface flow thickness
is time dependent. The "no-crosshatch" data points in Fig. 10
represent the wavelengths that would exist if patterns did occur ;
these normal wavelengths are calculated from the wave angle
correlations of Figs. 8 and 9 in conjunction with the correlation
of stream wise wavelengths discussed in the following paragraph.
It is noted that the flight vehicle data points were evaluated
at the altitude corresponding to maximum surface pressure on
the body.

Wavelength Predictions

The observed pattern wavelengths are expected to correspond
to theoretically derived conditions of maximum amplification.
However, the surface flow amplification rate solution [Eq. (11)]
is only applicable in the vicinity of the long wavelength neutral
stability condition. There is presently no mechanism in the
solution for predicting the wavelength where maximum
amplification occurs. An alternate technique employed by the
authors is to utilize the neutral stability solution [Eq. (15)] to
correlate experimental wavelength data under the premise that
the maximum amplification condition is not far removed from
the neutral stability point. This is reasonable in light of
Nachtscheim's results.8 It is further assumed that the material is
in a steady-state high-ablation mode, so that the surface flow
thickness is inversely proportional to the surface shear (6L ~ I/T w).
Since TW ~ pe°'85 for turbulent flow, Eq. (15) has the functional
dependence, AL ~ pe~°'7 for a given material with a constant
surface temperature.

A plot of experimental streamwise wavelength data as a
function only of pressure is presented in Fig. 11 for several
materials. For the flight vehicles, the maximum pressures are
represented. It is shown that the data are correlated quite well
by the functional relation, 1, which is close to the
theoretically derived result. However, it must be noted that this
correlation is valid only for steady-state ablation conditions.
Deviations from this simple pressure correlation for transient
flow conditions have been discussed in Refs. 2 and 13. It is noted
that Williams14 also correlated wavelength data as a function
only of pressure.

Fig. 11 Wavelength as a func-
tion of pressure for various

materials.
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Fig. 12 Pattern depth predictions for teflon compared to ground test
data.

Pattern Depth Predictions

The pattern depth history is related directly to the amplitude
of the surface waves. From Eq. (1), the depth can be expressed
in the functional form ( ( i }

(17)

The dimensional amplification rate acf is obtained from Eq. (11),
with the bracketed part simplified by Eqs. (14-16). The result is

c,= 18.4[ ^ 1.77(Tw/1800

If one assumes that the viscosity (JIL) and depth ratio (<5L/1L)
are invariant for a given material, then these parameters can
be combined into a single constant. For the case of high-
temperature ablating materials, this constant has been deter-
mined from correlations of experimental pattern depth data using
Eqs. (17) and (18). The resulting expression for pattern depth is

K Pe
Pmagcos</>

f 1.77(rw/18QO)°-73"|
I (n T ^/^/) ^/^ I

dt (19)

where Km = 1.9 x 10"5 for teflon and 9.4 x 10"6 for phenolic
silica in units of ft2/(lb-sec) for pe in lb/ft2 and h in ft.

It may be noted that the pattern depth is an exponential
function of the surface pressure, which partially explains the
pattern variation previously noted in Fig. 1. Pattern depth
predictions using Eq. (18) have been performed for teflon bodies
in ground and flight test environments. Figure 12 presents a
comparison between measured and predicted pattern depths for
wind tunnel and rocket motor test .conditions. The measured
results actually represent a mean fairing through relatively wide
data bands. The agreement is shown to be quite good for
both cases. In these tests, the flow conditions and surface tem-
peratures were nearly constant with time so that the amplification
rate ac- could also be assumed constant; therefore, the integral
term in Eq. (18) was directly proportional to the model exposure
time. This is not the situation with re-entry flight vehicles, where

o.o4r
. FAIRING THROUGH DATA
PREDICTED DEPTH

2 o.oi -

0 15 20 25 30
SURFACE LENGTH FROM THEORETICAL APEX ̂  (IN.)

Fig. 13 Pattern depth predictions for teflon compared to flight test data.

the flow conditions vary with time. For these cases, the
amplification rate was computed at various times along the
trajectory and numerically integrated to determine the pattern
depth history. A comparison between the predicted depths and
the depths measured on five recovered teflon flight vehicles is
presented in Fig. 13. The agreement is not as good as obtained
with ground experiments, but the general trends are reasonably
well predicted by this method of analysis. It is significant that
vehicle E, which did not have any observable crosshatch patterns,
was also not predicted to have patterns (e.g., this data point
fell in the damped region to the left of the neutral stability
boundary of Fig. 10).

The details of predicting pattern onset, depth, wavelength, and
wave angle by this surface flow approach is demonstrated in
the Appendix by way of a numerical example. The calculations
are performed for one location on the teflon rocket motor model
shown in Fig. 1.

IV. Conclusions
It has been shown that the three-layer model surface flow

approach correlates much of the experimental cross-hatching
data and can effectively predict pattern characteristics. Some of
the significant results obtained with this approach are as follows:
1) At supersonic flow conditions, the dominant amplifying and
damping terms in the surface flow stability equation are the
pressure and shear perturbations, respectively. The surface
tension and body force terms are negligible. 2) The external
flow pressure perturbation field determines the variation of
pattern wave angle with wavelength, independent of surface flow
properties. 3) The amplification rate solution predicts a strong
influence of surface flow thickness on the conditions for neutral
stability. For conditions where the wavelength is proportional to
surface flow thickness, a neutral stability boundary has been
defined. 4) The neutral stability correlation shows that instability
is promoted by increasing pressure and shear, and decreasing
surface temperature. 5) Pattern wavelengths are predicted to be
a function only of surface pressure for a given material at steady-
state ablation conditions. For transient flow conditions, the
wavelength is also a strong function of the surface flow thickness.
6) Pattern depth is an exponential function of the time-integrated
amplification rate. For a given material, the surface pressure is
the dominant parameter.

There are several areas where the surface flow approach can
be improved. In particular, the relationship between wavelength
and surface flow thickness needs to be established, rather than
the assumption of a direct proportionality between the two para-
meters. The approach should also be investigated at low Mach
number conditions where the relative effects of surface tension,
body forces, and phase lags may be significantly different than
at supersonic flow conditions. In particular, the magnitude and
phase of the shear perturbation parameter needs to be better
characterized, including experimental confirmation.

Appendix: Numerical Example of Crosshatch
Pattern Predictions

Given
A teflon cone of 4.5° half-angle (Fig. 1) exposed to a rocket

exhaust flow for 5.65 sec. Method of characteristics solutions
for the inviscid flowfield coupled to turbulent boundary-layer
solutions and heat-shield ablation analyses provided the follow-
ing information at x — 2.7 in. from tip (8.6 in. from base of
model) ;pe = 2830 lb/ft2, Me = 2.45,6 = 0.045 in., tw - 33.2 lb/ft2,
Tw = 1800°jR (steady-state ablation).

Computations
1) Determine wavelength that would exist if patterns occurred.

From Fig. 11, AL = 0.35 in.
2) Determine corresponding wave angle

^/AL = 0.045/0.35 = 0.13
0 = sin'1 (l/Me) = sin'1 (1/2.45) = 24°
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From Fig. 9, co-£ = 3.5°, . . CD = 27.5°.
3) Determine if conditions lead to pattern amplification

AN = ALsinco = 0.35 sin (27.5) = 0.161 in.
Pe-cwN = 2830(33.2) sin (27.5) = 4.34 x 104 Ib2/ft4

N (peT J1/2/( V1800)1'1 = 208 lb/ft2

The neutral stability plot of Fig. 10 shows this to be an unstable
condition so that the patterns will amplify. Therefore, the
tentative values of AL and co are now the predicted values.

4) Determine amplification rate. From Fig. 6
Pmag cos </y(<VAL) = 3.5/0. 13 = 26.9

= 1.9 x 10- (2830)(26.9) l -

= 0.145 (sec'1)

5) Determine pattern depth for the case of constant flow con-
ditions and surface temperature

Cidt = a,ctt = 0.145(5.65) = 0.82

•;dti = 3.8xlO~4exp

= 3.8 x 10"4(2.27)=8.62 x 10"4ft
= 0.0103in.

Table 1 gives a comparison between the preceeding predictions
and the experimental data.

Table 1 Comparison between predictions and experimental data

Characteristic ExPerimental Predicted

wavelength, AL
wave angle, co
pattern depth, h

0.27-0.40 in.
26-28.5°

0.006-0.019 in.

0.35 in.
27.5°

0.0103 in.
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